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Outline of the talk

•AIM: Systematic and rigorous detection of bubbles on the basis of empirical data

•Hypothesis: Bubbles are characterized by super-exponential growth of asset prices, which is

due to positive feedback in growth dynamics of prices.

• Economic background Financial Instability Hypothesis [Minsky, 1975, 1982, 1986] and

for our analysis is the CEV model [Cox,1975]

• Bubble detection in empirical data is based on

1. linear regression derived from the CEV model [Macbeth & Meville]

2. closed form analytical solution of the CEV model for positive feedback

3. information-theoretic metric based on the considering the conditioned return distribution

• Results are compared with those generated by LPPL - analysis, conducted in the FCO.
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Detection of bubbles is a vital but still open problem!

We, at the Federal Reserve .. recognized that despite our suspicion, it was

very difficult to definitely identify a bubble until after the fact, that is, when

its bursting confirmed its existence. [ Allan Greespan in August, 30., 2002 ]

1. No really satisfactory theory of bubbles, encompassing possible mechanisms and their interactions, and

adhering to reasonable economic principles,

2. No commonly agreed on definition of what a bubble is

(fundamental values are not directly observable!)

3. The detection of bubbles and related market instabilities remains an open problem.

Strong need for an alternative hypothesis which

• is in agreement and base on economic reasoning

• allows for a systematic detection of bubble on the basis of empirical data
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Sequences of unsustainable bubble regimes in Hong-Kong index

 7 

corresponds indeed to an approximately constant growth rate of the Hang Seng index equal to 13.8% 
per year.  However, the most striking feature of figure 1 is not this average behavior, but the obvious 
fact that the real market is never following and abiding to a constant growth rate. One can observe a 
succession of price run-ups characterized by growth rates…growing themselves: this is reflected 
visually in figure 1 by transient regimes characterized by strong upward curvature of the price 
trajectory. Such an upward curvature in a linear-log plot is a first visual diagnostic of a faster than 
exponential growth (which of course needs to be confirmed by rigorous statistical testing). Such a 
price trajectory can be approximated by a characteristic transient finite-time singular power law of the 
form  
 
(1)  ln[p(t)] = A + B (tc-t)

m
,       where B<0,    0<m<1   , 

  
and tc is the theoretical critical time corresponding to the end of the transient run-up (end of the 
bubble). Such transient faster-than-exponential growth of p(t) is our definition of a bubble. It has the 
major advantage of avoiding the conundrum of distinguishing between exponentially growing 
fundamental price and exponentially growing bubble price, which is a problem permeating most of the 
previous statistical tests developed to identify bubbles (see Lux and Sornette, 2002 and references 
therein). The conditions B<0 and 0<m<1 ensure the super-exponential acceleration of the price, 
together with the condition that the price remains finite even at tc. Stronger singularities can appear for 
m<0. 
 

 
Fig.1: Trajectory of the Hong-Kong Hang Seng index from 1970 to 2000. The vertical log-scale together with the 
linear time scale allows one to qualify an exponential growth with constant growth rate as a straight line. This is 
indeed the long-term behavior of this market, as shown by the best linear fit represented by the solid straight line, 
corresponding to an average constant growth rate of 13.8% per year. The 8 arrows point to 8 local maxima that 

were followed by a drop of the index of more than 15% in less than three weeks (a possible definition of a crash). 
The 8 small panels at the bottom show the upward curvature of the log-price trajectory preceding each of these 
local maxima, which diagnose an unsustainable bubble regime, which culminates at the peak before crashing. 

 
 
Such a mathematical expression (1) is obtained from models that capture the effect of a positive 
feedback mechanism. Let us illustrate it with the simplest example. Starting with a standard 
proportional growth process dp/dt = r p (omitting for the sake of pedagogy the stochastic component), 
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Fundamental Hypothesis

• Bubble regimes are characterized by faster-than-exponential

growth of asset prices.

positive feedback is one of the major self-amplification generating mech-

anisms of price dynamics Shiller (2000), Kaizoji, Sornette (2008),

and Sornette (2003) for further references

• Faster-than-exponential growth is generated by positive feed-

back in growth dynamics of prices.
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The CEV model of price dynamics

Cox (1975) and Cox and Ross (1976) proposed the Constant Elasticity

on Variance to describe interest rates based on equilibrium considerations

in an economy with a logarithmic preference structure,

dX(t) = µ X(t) dt + σ X(t)γ dW (t), γ > 0 (1)

non-negative parameters µ, σ and W (t) the standard Wiener process.

• (equilibrium regime) 0 < γ ≤ 1: a unique equivalent martingale measure exists

Delbaen, Shirakawa (2002), for further references see Jenablanc et. al (2009)

• (’geyser’ regime) γ > 1 positive feedback of price on volatility: no

equivalent martingale measure exists Davydov, Linetsky (2001)
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Empirical(!) evidence for positive feedback γ > 1

The CEV is nested within the CKLS family of models Chan, Karolyi, Longstaff, Sanders (1992)

obeying

dX(t) =
(
α + µ X(t)

)
dt + σ X(t)γ dW (t), γ > 0 (2)

• Merton (1973) dX(t) = α dt + σ dW (t) [ additive noise]

• B & S (1973) dX(t) = µ X(t) dt + σ X(t) dW (t) [ multiplicative noise]

• CIR-SR (CIR, 1985) dX(t) =
(
α + µ X(t)

)
dt + σ X(t)

1
2 dW (t)

• VR ( CIR, 1980) dX(t) = σ X(t)
3
2 dW (t) (Variable-Rate)

• CEV (Cox, 1975) dX(t) = µ X(t) dt + σ X(t)γ dW (t)

• ...

MAIN RESULT: Models allowing for γ > 1 capture the volatility changes

of short-term interest rates better than those in which γ is restricted to

values smaller than 1, confirmed by Broze, Scailett, Zakoian (1995),

Shoji, Ozaki (1996), Nowmann (1998)
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(I) Estimation of γ based on a derived linear regression model

[Macbeth & Meville (1979)]

[A. Filimon Master thesis (2010)] applied to a rolling time window of given length

dX(t) = µ X(t) dt + σ X(t)γ dW (t), γ > 0 (3)

Ut :=

(
dX(t)− µ X(t) dt

σ X(t)γ dt

)2

∼ χ2(1)

yt = α + β xt + εt

yt = 2 ln( dX(t)− µ X(t) dt )− ln(dt)

xt = lnXt

εt = ln(Ut)− E ln(Ut)

Eα̂ = 2 lnσ + E lnUt

Eβ̂ = 2γ

• test for normality

[Anderson-Darling, Jaque-Bera, Shapiro-Wilk, Cramer von Mises, Pearson’s χ2 test]

• linear regression

[test for constant variance of residuals, serial correlation of residuals: Brock-Dechert-Scheinkman

(BDS)]
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Estimation of γ based on tests of normality
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Normality test H, p χ2(1) = Γ(1/2, 2) estimated γ χ2 fit [H, p]
KS [0,0.595] [1, 0.0093]
Lillie [0,0.171] [0.5002, 1.9850]
JB [1, 004]
Kupier 1.1552 [1, 1 10−5]

Table 1: Example: estimate of a single CEV trail with γ = 1.25 with statistical tests applied
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Normality Test Method applied to synthetic data of the CEV model (A. Filimon)

CHAPTER 4. ACCURACY OF THE ESTIMATION METHODS

”Best !t” method applied to the initial model 2.1 provides the following
results:

”Best !t” method
windo w size true m min 25% q. 50% q. 75% q. max mean sd

200 0.5 -0.95 0.2 0.55 0.81 1.45 0.47 0.49
250 0.5 -0.60 0.25 0.45 0.70 1.65 0.43 0.45
300 0.5 -0.95 0.10 0.40 0.66 1.10 0.35 0.46
350 0.5 -0.75 0.15 0.40 0.70 1.15 0.39 0.39
400 0.5 -0.65 0.19 0.45 0.70 1.10 0.39 0.37
200 0.7 -0.85 0.40 0.60 0.80 1.85 0.62 0.39
250 0.7 -0.40 0.34 0.65 0.85 1.45 0.59 0.35
300 0.7 -0.65 0.35 0.65 0.80 1.35 0.58 0.33
350 0.7 -0.05 0.50 0.60 0.71 1.25 0.58 0.25
400 0.7 -0.25 0.55 0.70 0.81 1.10 0.68 0.21
200 1 -0.50 0.64 0.85 1.11 1.95 0.86 0.40
250 1 -0.30 0.74 0.85 1.00 1.70 0.85 0.32
300 1 0.20 0.75 0.85 1.00 1.45 0.86 0.24
350 1 0.25 0.75 0.90 1.05 1.35 0.89 0.22
400 1 0.25 0.85 0.95 1.05 1.40 0.93 0.20
200 1.3 0.55 0.85 1.05 1.41 2.45 1.14 0.38
250 1.3 0.45 0.90 1.10 1.35 2.30 1.12 0.33
300 1.3 0.50 0.95 1.10 1.30 1.90 1.12 0.26
350 1.3 0.55 1.04 1.15 1.40 1.90 1.20 0.25
400 1.3 0.45 1.05 1.20 1.36 1.80 1.20 0.24
200 1.5 0.45 1.04 1.30 1.70 2.50 1.37 0.41
250 1.5 0.55 1.05 1.30 1.55 2.30 1.31 0.35
300 1.5 0.50 1.10 1.30 1.46 2.10 1.30 0.30
350 1.5 0.70 1.20 1.35 1.55 2.15 1.35 0.27
400 1.5 0.60 1.30 1.45 1.65 2.10 1.43 0.28
200 1.7 0.30 1.24 1.50 1.90 2.65 1.57 0.49
250 1.7 0.50 1.20 1.50 1.75 3.30 1.50 0.41
300 1.7 0.65 1.25 1.48 1.75 2.40 1.51 0.33
350 1.7 0.80 1.35 1.50 1.70 2.50 1.52 0.30
400 1.7 0.70 1.45 1.65 1.81 2.45 1.63 0.33

Table 4.4: ”Best !t” method, distributions of estimations as a result of sim-
ulations from the CEV model for di "erent m and window size Tk , number
of simulations 1000. The value of m is selected from the interval [-4,4] with
accuracy up to 0.05.

10



Linear Regression Method applied to synthetic data of the CEV model (A. Filimon)

CHAPTER 4. ACCURACY OF THE ESTIMATION METHODS

Macbeth-Merville method applied to the initial model 2.1 provides the
following results:

Macb eth-Merville method
windo w size true m min 25% q. 50% q. 75% q. max mean sd BDS

200 0.5 -1.15 0.25 0.49 0.84 2.07 0.49 0.53 93.6%
250 0.5 -1.18 0.25 0.46 0.70 1.98 0.46 0.41 91.4%
300 0.5 -1.49 0.31 0.49 0.67 1.80 0.47 0.35 92.6%
350 0.5 -0.72 0.32 0.50 0.66 1.65 0.48 0.30 93.8%
400 0.5 -0.72 0.34 0.51 0.63 1.88 0.48 0.28 93%
200 0.7 -0.31 0.52 0.70 0.85 1.58 0.68 0.31 93.6%
250 0.7 -0.31 0.55 0.68 0.80 1.61 0.67 0.23 91.8%
300 0.7 -0.52 0.59 0.69 0.79 1.44 0.68 0.20 93.2%
350 0.7 -0.08 0.61 0.70 0.78 1.30 0.69 0.17 93.6%
400 0.7 0.02 0.61 0.70 0.77 1.44 0.69 0.16 93.4%
200 1 0.52 0.91 0.98 1.05 1.39 0.98 0.13 94.4%
250 1 0.58 0.93 0.99 1.05 1.31 0.99 0.10 91%
300 1 0.66 0.95 0.99 1.04 1.29 0.99 0.08 92.4%
350 1 0.71 0.96 1.00 1.03 1.30 0.99 0.07 92.8%
400 1 0.78 0.96 1.00 1.02 1.20 0.99 0.06 92.6%
200 1.3 0.95 1.24 1.29 1.33 2.23 1.29 0.1 56.2%
250 1.3 1.04 1.24 1.30 1.33 2.23 1.29 0.1 57.8%
300 1.3 1.07 1.25 1.29 1.33 2.23 1.30 0.09 57.8%
350 1.3 1.12 1.25 1.29 1.32 2.23 1.30 0.08 59.4%
400 1.3 1.13 1.26 1.29 1.32 2.23 1.30 0.08 59.8%
200 1.5 0.91 1.40 1.48 1.57 2.01 1.48 0.14 90.6%
250 1.5 0.94 1.40 1.49 1.57 1.98 1.49 0.13 92.6%
300 1.5 1.13 1.43 1.49 1.55 1.93 1.49 0.10 93.6%
350 1.5 1.20 1.43 1.50 1.54 1.82 1.49 0.09 93.6%
400 1.5 1.23 1.44 1.50 1.54 1.87 1.49 0.08 94.8%
200 1.7 1.14 1.58 1.67 1.77 2.90 1.68 0.17 89%
250 1.7 0.84 1.58 1.68 1.77 2.90 1.68 0.15 90.2%
300 1.7 0.84 1.61 1.69 1.75 2.90 1.68 0.14 91.6%
350 1.7 0.84 1.62 1.69 1.75 2.90 1.69 0.12 93%
400 1.7 0.84 1.63 1.69 1.75 2.90 1.69 0.12 93%

Table 4.2: Macbeth-Merville method, initial model, distributions of estima-
tions as a result of simulations from the CEV model for di !erent m and
window size Tk , number of simulations 1000.

As it is seen from the tables 4.2, 4.3 and 4.4, the estimations are less
volatile the longer the time window. Comparing Macbeth-Merville method
applied to di!erent models, the distribution of the estimations for the modi-
"ed model is less volatile than of the initial model with better results for the
means and medians. ”Best "t” method provides more volatile results with
underestimated means and medians.
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CEV - Linear Regression Method applied to NASDAQ, daily data (A. Filimon)

log-prices of NASDAQ and positive feedback periods inscribed for which at leat 2 normality tests are passed

simultaneously.
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(II) Analytical closed form solution for the CEV model for γ > 1

Theorem 1 For γ > 1 the CIR-CEV model has the unique and strong

solution

X(t) = σγ
1

‖M(t) ‖1/(γ−1)
2

, γ > 1 (4)

where M(t) be a d-dimensional mean-reverting Ornstein-Uhlenbeck process

with square norm ‖M(t)‖2, whose components obey dMi(t) = −µMi dt +

dWi(t) with µ > 0 and Wi(t) the standard Wiener process. Its dimension

is given by

d = d(γ) = 2γ−1
γ−1

2

1 2 3 4

d(  )γ

γ
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Equivalence of CIR-CEV model and radial Ornstein Uhlenbeck

processes for γ > 1

dX(t) = µ X(t) dt + σ X(t)γ dW (t), γ > 1 (5)

|

X(t)→ Y (t) =
1

σ(γ − 1)
X(t)1−γ

↓

dY (t) =

(
−µ(γ − 1) Y (t) +

1

2

γ

γ − 1

1

Y (t)

)
︸ ︷︷ ︸ dt + dWt. (6)

which is of the form of a a d−dimensional radial Ornstein Uhlenbeck process

dY ′(t) =

︷ ︸︸ ︷(
− λ+

d− 1

2

1

Y ′(t)

)
dt + dW̃ (t), d > 1

Comparison leads to

d =
2γ − 1

γ − 1
λ = µ(γ − 1)

Solution is

Y ′(t) =
√
M1(t)2 + . . . + Md(γ)(t)2 = ‖M(t)‖s
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On the simulation of CIR-CEV trails

1. Simulation of (X(t)) via closed form solution for d ∈ N

2. Simulation of (X(t)) via the radial Ornstein Uhlenbeck process for d ∈ R>2
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Figure 1: CEV trail simulated via closed form solution
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Figure 2: CEV trail simulated via radial OU
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A CEV process exhibits a sequence of ’explosions’

In the ’geyser regime’, γ > 1, i.e. in the presense of positive feedback, a CEV process does typically show

a sequence of finite but arbitrarily large up-swings.

Corollary 1 Let γ > 1. Then, while X(t) < ∞ a.s. for all t, P [X(t) >

c] > 0 for all positive c <∞.

Figure 3: The Fokker-Planck potential for γ = 3
2
, 2

for Yt ∝ 1

Xγ−1
t

dY (t) =

(
−µ(γ − 1) Y (t) +

1

2

γ

γ − 1

1

Y (t)

)
dt + dW (t). (7)

Corresponding Fokker-Planck equation for the probability den-

sity ϕ(t, y) of Yt

∂

∂t
ϕ(t, y) =

[
− ∂

∂y
U ′(y) +

1

2

∂2

∂y2

]
ϕ(t, y) (8)

U(y) = µ(γ − 1) y2 − 1

2

γ

γ − 1
ln y (9)
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Only explosions of Xt contain information about γ !

Given the Fokker-Planck potential U(y) for the Y - diffusion, the ’corresponding’ potential V (x) for the

Lamperti-backtransformed X process is
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Explosions and the distribution of inter-event times

1.000 CEV trails with γ = 4
3 , each of length 10.000 are analyzed. The onset of an event, i.e. an eruption,

is the first time, at which the trail crosses a given threshold from below. The inter-event time τ is the

(temporal) distance between consecutive onset times.

The empirical CDF is the Kaplan-Meier estimate of the cumulative distribution function.
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CEV - geyser eruptions and the distribution of their intensities

The intensity of an eruption is the sum of all super-threshold points during an event Ek

Ik =
∑
t∈Ek

Xt 1[Xt>θ]
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Estimation of γ based on the closed form solution

Corollary 2 Let X(t) be a solution of the CEV process with γ > 1. Then

its Lamperti transform is the solution of a radial OU process, i.e.

Yγ(t) ∝
√
M1(t)2 + . . . + Md(γ)(t)2

while Mi(t) are normally distributed with N (0, σ) so that

Yγ(t) ∼ χ2(d(γ))

where d(γ) = 2γ−1
γ−1 is the (possibly non integer) dimension of the OU-process

Estimating the ’number of degrees of freedom’ d(γ) of the distribution of the Lamperti transformed prices

Yγ(t) therefore allows to estimate the feedback parameter

γ =
d− 1

d− 2
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Description of the algorithm to detect the feedback parameter γ

1. Given a possibly non-stationary price trail X(t)

2. Define a finite time window T and consider X(t, T )

3. Chose some evaluation interval for γ =
(

1.01, 1.02, . . . , 3 ]

4. For some γ > 1 its Lamperti-transform is Yγ(t, T )

5. Fit the parameter kγ by MLE giving Yγ(t, T ) ∼ χ2(kγ)

6. the best parameter γ is the one for which d(γ)
!

= kγ

γ∗T = minγ{d(γ)− kγ}
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CEV trail’s with γ = 4
3 (d = 5) and varying window length

• pL(γ) i.e. the distribution of γ′s estimated in time window of length L

• γ∗L : most probable γ−value (red)

• γL : median of pL(γ) (blue)
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CEV trail’s with γ = 4
3 (d = 5) with varying sample size
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Positive feedback periods in the NASDAQ, daily data
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Positive feedback periods in the HANGSENG, daily data
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(III) The entropy-method

Limiting factor of the previous analysis is the assumption that innovation dW (t) is normally distributed.

This limitation is overcome by a second method.

dX(t) = µ X(t) dt + σ X(t)γ dφ(t), γ > 0 (10)

µ, σ positive parameters and φ(t) the process of innovations.

Deviations from γ = 1 can be detected by considering f (r | x), i.e.

the distribution of returns conditioned on some price x

f (r | x) 6= f (r | x′) iff γ 6= 1
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Conditioned return distribution in CEV

f (r | x) = βx φ
(
βx

(
r + mx

))
(11)

βx = 1
σ x

1−m the scaling parameter,

mx the location parameter (.. the additive Ito term)
x1

x2

x3

Idea for quantifying is to consider the conditioned Renyi entropy Rq and its variation with the conditioning

price

Rq(f |x) − Rq(f |x′)
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Theorem 2 Let f (r | x) be the distribution of returns conditioned on some

price x. Then its conditioned Renyi entropy yields

Rq(f | x) = − ln βx + Rq(φ) (12)

Furthermore, for any x > 0

Rq(f |x) − Rq(f |x′) =
(
γx,x′(q)− 1

) (
log x− log x′

)
. (13)

• This result independent from the noise distribution! (no prejudices)

• It allows to check the validity of the generalized CEV model.

• the non-extensitity factor q can account for heavy tailed distributions.
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Entropy Method applied to CEV model (Filimon)
CHAPTER 4. ACCURACY OF THE ESTIMATION METHODS

Entropy method using empirical distribution for log-returns provides the
following results:

En tropy method
windo w size true m min 25% q. 50% q. 75% q. max mean sd

200 0.5 -1.43 0.44 1.15 1.95 5.34 1.25 1.28
250 0.5 -1.53 0.61 1.21 1.88 5.68 1.33 1.21
300 0.5 -2.75 0.63 1.22 1.70 4.34 1.23 1.03
350 0.5 -2.09 1.63 1.15 1.55 4.66 1.15 1.01
400 0.5 -0.44 0.53 1.02 1.71 2.88 1.14 0.82
200 0.7 -0.41 0.66 1.14 1.54 2.91 1.11 0.70
250 0.7 -0.24 0.79 1.17 1.58 2.88 1.19 0.63
300 0.7 -0.28 0.70 1.09 1.70 2.71 1.19 0.76
350 0.7 -0.31 0.71 1.21 1.66 2.11 1.14 0.65
400 0.7 0.31 0.83 1.09 1.73 2.13 1.24 0.61
200 1 0.01 0.65 0.96 1.27 2.44 0.98 0.42
250 1 0.10 0.75 1.06 1.26 2.10 1.01 0.35
300 1 0.10 0.86 1.07 1.25 1.82 1.04 0.34
350 1 0.20 0.86 1.08 1.23 1.56 1.03 0.29
400 1 0.49 0.94 1.08 1.25 1.65 1.07 0.24
200 1.3 0.12 0.49 0.83 0.91 1.03 0.69 0.35
250 1.3 -0.19 0.64 0.96 1.20 1.92 0.91 0.40
300 1.3 -0.24 0.87 1.26 1.65 3.39 1.28 0.59
350 1.3 -0.36 0.67 1.07 1.22 1.88 0.95 0.40
400 1.3 0.19 0.78 1.03 1.22 1.73 0.99 0.31
200 1.5 -0.33 0.53 0.92 1.21 2.34 0.88 0.53
250 1.5 -0.69 0.95 1.36 1.88 4.27 1.48 0.88
300 1.5 -0.25 0.97 1.34 1.80 5.17 1.43 0.81
350 1.5 -0.40 1.06 1.45 1.77 4.88 1.47 0.71
400 1.5 0.33 1.11 1.49 1.71 3.28 1.45 0.51
200 1.7 -1.65 0.86 1.38 2.17 5.87 1.63 1.31
250 1.7 -0.68 1.01 1.43 2.21 5.84 1.63 1.11
300 1.7 -0.56 1.04 1.49 2.01 5.80 1.59 1.00
350 1.7 -0.78 1.10 1.57 1.92 5.14 1.64 0.95
400 1.7 0.32 1.27 1.62 1.87 4.72 1.60 0.62

Table 4.5: Entropy method, empirical log-returns distribution, distributions
of estimations as a result of simulations from CEV model for di !erent m,
M = 20, N = 100.

Estimations with Entropy method using empirical distribution o" og-
returns provide highly volatile results as it is seen in the Table 4.5. Using
semi-empirical distribution instead, provides comparably better results 4.6,
but they are still more volatile then those achieved with other methods.
Using BDS test the linearity in the model 3.16 is rejected for the simulation
results. 29



Improvements of the Entropy Method

’Large’ volatility of results are the price to be paid for not imposing prejudices!

• assume the ’right’ conditional return distribution f (r |x): semi-empirical

method. For the CEV we know the correct distribution

f (r|x) ∝ N
[
µ− 1

2
σ2x2(γ−1), σxγ−1

]
• Consequently for the CEV the choice of the Shannon-Weaver entropy (q = 1)

is ok. In the presence of fat-tailed f (r|x) the Renyi entropy with q 6= 1 is

more adequat.

• Use bootstrapping to increase sample size for the linearity test in

Rq(f |x) − Rq(f |x′) =
(
γx,x′(q)− 1

) (
log x− log x′

)
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Semi-empirical Entropy Method applied to CEV model (Filimon)
CHAPTER 4. ACCURACY OF THE ESTIMATION METHODS

Entropy method using semi-empirical distribution for log-returns provides
the following results:

En tropy method, semi-empirical distribution
windo w size true m min 25% q. 50% q. 75% q. max mean sd

200 0.5 -0.74 0.26 0.49 0.75 1.54 0.51 0.42
250 0.5 -0.80 0.31 0.47 0.71 1.41 0.47 0.35
300 0.5 -0.49 0.30 0.48 0.63 1.50 0.47 0.32
350 0.5 -0.62 0.34 0.50 0.62 1.46 0.47 0.30
400 0.5 -0.06 0.36 0.48 0.74 1.15 0.53 0.27
200 0.7 -0.05 0.58 0.71 0.89 1.44 0.72 0.24
250 0.7 -0.06 0.60 0.70 0.82 1.10 0.70 0.20
300 0.7 0.43 0.57 0.74 0.79 1.20 0.71 0.19
350 0.7 0.43 0.58 0.74 0.81 0.99 0.72 0.16
400 0.7 0.54 0.61 0.67 0.86 1.00 0.73 0.16
200 1 0.73 0.95 1.02 1.10 1.32 1.03 0.12
250 1 0.77 0.96 1.02 1.07 1.32 1.02 0.11
300 1 0.76 0.97 1.01 1.07 1.32 1.02 0.09
350 1 0.78 0.96 1.01 1.07 1.39 1.02 0.08
400 1 0.87 0.97 1.01 1.06 1.24 1.02 0.07
200 1.3 1.25 1.28 1.33 1.55 1.62 1.40 0.17
250 1.3 1.04 1.25 1.33 1.40 1.82 1.33 0.13
300 1.3 1.10 1.25 1.31 1.39 1.83 1.32 0.11
350 1.3 1.05 1.25 1.31 1.39 1.83 1.32 0.11
400 1.3 1.14 1.25 1.33 1.39 1.74 1.32 0.10
200 1.5 0.05 1.39 1.51 1.60 1.99 1.50 0.31
250 1.5 0.32 1.34 1.48 1.60 2.46 1.48 0.29
300 1.5 0.98 1.41 1.49 1.62 2.27 1.52 0.27
350 1.5 1.01 1.40 1.50 1.63 2.08 1.52 0.18
400 1.5 1.16 1.42 1.52 1.61 2.21 1.53 0.16
200 1.7 0.26 1.53 1.67 1.81 3.34 1.70 0.38
250 1.7 0.77 1.53 1.69 1.84 2.67 1.69 0.30
300 1.7 0.87 1.61 1.69 1.82 2.36 1.72 0.23
350 1.7 1.21 1.61 1.70 1.81 2.23 1.72 0.17
400 1.7 1.33 1.63 1.71 1.82 2.50 1.73 0.17

Table 4.6: Entropy method, semi-empirical log-returns distribution, distribu-
tions of estimations as a result of simulations from CEV model for di !erent
m, M = 20, N = 100.
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Detecting bubble regimes in empirical data

1. the NASDAQ index, daily data from 1986 / 11 to the end of 2009/02

2. the HANGSENG index, daily data from 1989 / 03 to 2009/02.

• empirical Shannon-Weaver entropy (q = 1) : f(r | x) = −
∑

k pk ln pk

• NO ’further’ assumptions about the ’true’ distribution

• estimated γ−values are accepted IF the linear fit is statistically reasonable

(using 2000 bootstrapping iterations!)
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NASDA daily data from 1986 / 11 to the end of 2009/02

82-12 86-12 90-11 94-11 98-10 02-10 06-10 82-12     86-12      90-11    94-11     98-10     02-10      06-10
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Hang Seng daily data from 1989 / 03 to 2009/02

1991-03 1999-02 2003-031995-01 2007-03 1991-03 1995-01 1999-02 2003-03 2007-03
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Comparison of positive feedback regions

1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008

1

0.5

0
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Student Version of MATLAB

Figure 4: NASDAQ daily data, RED: CEV method, GREEN Entropy method, BLUE Macbeth-Meville method
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Faster-than-exponential growth in alarm periods

A price trajectory exhibiting super-exponential acceleration can be approxi-

mated by a characteristic transient finite-time singular power law of the form

log p(t) = a + b(tc − t)c (14)

where b < 0, 0 < c < 1 and tc is the theoretical critical time corresponding to

the end of the transient run-up (end of the bubble).

1987-05 1987-08 1990-11 2000-10 2006-12 2007-12
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Comparison with LPPL results

The model underlying LPPL is a Weierstrass-type model, see Gluzman and Sornette( 2002), provides the

most general formal solution of the phenomenological renormalization group equations characterizing the

symmetry of discrete scale invariance associated with the existence of discrete hierarchies.

H1: Bubbles in the price of an asset are identified as regions of “super-

exponential” growth, specifically of accelerated power law growth.

The super-exponential bubble growth is further characterized by an ending

(critical) time tc, beyond which the price changes regime.

H2: Bubbles and their expected ending times tc are even more strongly

identified when H1 is combined with the signature of log-periodic oscilla-

tions.
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Alarm periods detected - input for LPPL analysis

Log periodic oscillation (LP) ornaments the power law (PL) characteristing dynamics of asset price X

lnX = A + B|t− tc|α︸ ︷︷ ︸
PL

1 + C cos
(
ω ln |t− tc| + φ

)
︸ ︷︷ ︸

LP

 (15)

PL - regression analysis of NASDAQ

α χ

05-May-1987 27-Aug-1987 1.4 e -04 0.01081
20-Mar-1991 10-Mar-2000 0.48 0.069047
07-Mar-2005 19-Apr-2006 0.99 0.023012
03-Jan-2007 31-Oct-2007 0.438 0.023444

Table 2: NASDAQ: Bubble alert intervals together with the square norm of residuals from a power law fit, see below

PL - regression analysis of HangSeng

α χ

12-Apr-1989 23-Jul-1990 1.7 e-05 0.075766
13-Oct-1992 04-Jan-1994 0.176 e-05 0.053474
22-Aug-2006 30-Oct-2007 0.144 0.035075

Table 3: HangSeng: Bubble alert intervals together with the square norm of residuals from a power law fit, see below
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LPPL fits based on the bubble alarms declared
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CONCLUSION: Equilibrium or Consecutive Instabilities ?

Fundamental question about natural systems’ dynamics:

• economic / financial systems

• social systems

• biological systems

1. System is Equilibium Seeking (?)

’General Equilibrium Theory of economic systems’: A. Smith, L. Walras, ...

2. System evolves through a sequence of instabilities (!)

’Financial Instabilty Hypothesis’ : H.P. Minsky following J. M. Keynes
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Economic background

• Financial Market Instability hypothesis by H.P. Minsky

• CEV model by Cox

Empirical evidence for γ > 1 !!

Methods used for detecting of positive feedback regimes

1. Macbeth-Meville method linear regression based on the CEV model

2. Method based on closed form solution of the CEV model for γ > 1

3. Entropy method based on conditioned return distribution

Detection of positive feedback regimes and varying γt !!

[Minsky] ... evolving through a sequence of instabilities’
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... evolving through a sequence of instabilities’

• Evolution concerns the evolution of regimes guiding the dynamics of the

financial market.

•Regime shifts are related to or even initiated by reaching instabilities.

• Structural changes in the financial market may be discontinuous rather

than continuous.

evolutionary theory of Punctuated Equilibrium [Eldredge & Gould, 1972]

Equilibration theory of biological evolution [Piaget, 1967]

Evolution of Modularity [Wagner 2002]
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