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SIS model of epidemic spreading

 Substrate: a complex network

N: number of nodes

 Nodes in one of two states

 S: susceptible

 I: infected

 Epidemic spreading

 r: fraction of infected nodes

Introduction
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SIS model of epidemic spreading

 Dynamics: at each time step

 S to I: infected nodes “contact” to some neighbors, 

which become infected at rate b

 I to S: previously infected nodes recover at rate m

SIS model of epidemic spreading
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 Contacting neighbors

Contact Process (CP): only one random neighbor is 

contacted at each time step

Reactive Process (RP): all neighbors are contacted 

at each time step

 Reinfections

Without one-step reinfections: only susceptible 

nodes may become infected by their neighbors

With one-step reinfections: all nodes may become 

infected, even just recovered infected nodes

SIS model of epidemic spreading
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 Monte Carlo (MC)

 Scale-free network: N = 500, g = 2.7

 SIS model: RP, m = 1.0

SIS model of epidemic spreading
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Heterogeneous Mean-Field (HMF)

 All nodes of same degree are equivalent

 rk: fraction of infected nodes of degree k

 Ensembles of networks characterized by

 P(k): degree distribution

 P(k|k’): degree correlations

 Steady state solutions

CP:

RP:

Introduction
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 Epidemic threshold (critical point)

CP:

RP:

 Epidemic spreading

 Results

Good agreement with Monte Carlo near the critical 

point, for large N

Heterogeneous Mean-Field (HMF)
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Probabilistic framework

 Basic idea

Work with “microscopic” variables

 pi: probability of node i being infected

 rij: probability of node i contacting node j

 Epidemic spreading

 Advantages

No need to group nodes by degree as in HMF

 Applicable to real correlated networks
 weighted or unweighted

 directed or undirected

 large or small

Probabilistic framework for epidemic spreading
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 Probabilistic equation

Without reinfections

where

 susceptible infected by some (one or more) neighbors

 infected and not recovered

 not infected by any neighbor

Probabilistic framework
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 Probabilistic equation

With reinfections

where

 susceptible infected by some neighbors

 infected and not recovered

 infected, recovered, and then reinfected by some neighbors

 not infected by any neighbor

Probabilistic framework
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 Contact probabilities

 A random walker from node i follows the link to node j

with probability

where       is the strength of the link and      its strength

 If li random walkers leave node i at each time step 

then the contact probability      to node j is

Probabilistic framework
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 Contact probabilities

 Particular cases

 CP

i.e. R is the transition matrix of a random walk

 RP

i.e. R is the adjacency matrix

Probabilistic framework
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 Equations in the steady state

With reinfections

 Solved by iteration until a fixed point is found, for any given 

initial conditions

Without reinfections

 Solved by iteration until an oscillation between two 

configurations is found (limit cycle)

 To compare with Monte Carlo, choose the average of these 

two states

Probabilistic framework
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 Epidemic threshold

Near the critical point

A first order expansion in the probabilities yields

Thus the epidemic threshold is

Probabilistic framework
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 Epidemic threshold

 Particular cases

 CP

 RP

Similar to HMF, but not equal (A instead of C)

Probabilistic framework
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 Mesoscopic equations

 Expanding to second order near the critical point

Grouping by degree classes

Probabilistic framework
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 Mesoscopic equations

 Particular cases

 CP

The two first terms correspond to the standard HMF

Probabilistic framework
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 Mesoscopic equations

 Particular cases

 RP

The two first terms correspond to the standard HMF

Probabilistic framework
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Results

 Comparisons with Monte Carlo

With and without reinfections

Dependency on size N

Dependency on scale-free parameter g

Dependency on number of contacts l

 Individual probabilities

Regular network

 Comparisons with HMF

With and without reinfections

 Standard and with additional terms

Probabilistic framework for epidemic spreading
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 With and without reinfections

 Scale-free network: N = 500, g = 2.7

 SIS model: RP, m = 1.0

Results
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 Dependency on size N

 Scale-free network: g = 2.7

 SIS model: RP, m = 1.0, with reinfections

Results
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 Dependency on scale-free parameter g
 Scale-free network: N = 10000

 SIS model: RP, m = 1.0, with reinfections

Results
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 Dependency on number of contacts l
 Airports network: N = 3618, weighted, 14143 links

 SIS model: m = 1.0, with reinfections

Results
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Results

MC

Model
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 Individual probabilities

 Airports network: N = 3618, weighted, 14143 links

 SIS model: RP, m = 1.0, with reinfections, b = 0.1

Results
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 Regular network

Grid: N = 100 x 100, periodic boundary conditions

 SIS model: RP, m = 1.0

Results



30

 HMF

 Scale-free network: N = 500, g = 2.7

 SIS model: RP, m = 1.0

Results



31

Conclusions

 New framework to study epidemic spreading, 
based on infection probabilities of individual 
nodes

 Family of models, from CP to RP

 Allows calculation of epidemic threshold

 Applies to any network

 Recovers HMF near the critical point

 Reproduces with high precision the MC results 
in most cases

Probabilistic framework for epidemic spreading



32
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